We study constrained versions of the minimal supersymmetric model and investigate the hierarchy between the electroweak scale and the scale of superpartners that can be achieved without relying on specifying model parameters by more than one digit (or with better than 10% precision). This approach automatically avoids scenarios in which a large hierarchy is obtained by special choices of parameters and yet keeps scenarios that would otherwise be disfavored by various sensitivity measures. We consider models with universal gaugino and scalar masses, models with non-universal Higgs masses or non-universal gaugino masses and focus on scenarios in which all the model parameters are either of the same order or zero at the grand unification scale. We find that the maximal hierarchy between the electroweak scale and stop masses, requiring that model parameters are not specified beyond one digit, ranges from a factor of ∼ 10 − 30 for the CMSSM up to ∼ 300 for models with non-universal Higgs or gaugino masses. *
I. INTRODUCTION
The hierarchy between the electroweak scale and the scale of new physics, with some scenarios pushed well above the TeV scale, remains a mystery with respect to naturalness.
Affected scenarios include supersymmetric extensions of the standard model that otherwise have a number of attractive features leading to their popularity. While naturalness criteria do not rule out any model, nor are completely scientific, they shape our bias toward theoretical models and even priorities for experimental searches and strategies. 1 Prevailing naturalness arguments are based on the largest contribution to an observable, in this case the electroweak scale, and our intuition that two contributions should not cancel each other with a high precision unless there is a reason for it, like a symmetry. Thus, if the contribution of one parameter is much larger than the observed value, it is interpreted as the need for another parameter to be carefully adjusted in order to precisely cancel that contribution. Such a need for fine tuning of model parameters is considered unnatural. For example, a typical contribution to the electroweak scale from scalar tops with masses of several TeV, required for the Higgs boson mass in the minimal supersymmetric model (MSSM), is of order several TeV. Since relevant quantities are masses squared, this contribution needs to be cancelled with precision of 1 part in 10 3 − 10 4 in order to obtain the desired outcome.
If there were just two model parameters contributing to the electroweak scale, this would indeed require fine tuning of the other parameter with 3 to 4 digit precision. However, it has been recently argued, that what is a very unnatural and fine-tuned outcome in a model with two parameters can be a completely ordinary outcome, not requiring carefully tuned parameters, in a model where more parameters are contributing to given observable [15] .
In this paper, we adopt a top down approach and investigate the hierarchy between the electroweak scale and the scale of superpartners (little hierarchy) that can be achieved without relying on specifying model parameters by more than one digit (or with better than 10% precision) in several constrained versions of the MSSM. We consider models with universal gaugino and scalar masses, models with non-universal Higgs masses or non-universal gaugino masses and focus on scenarios in which all the model parameters are either of the same order or zero at the grand unification (GUT) scale. This approach automatically avoids scenarios in which a large hierarchy is obtained by special choices of parameters and yet keeps scenarios that would otherwise be disfavored by various sensitivity measures. While for simple models with 2 parameters the method leads to the same conclusions as other methods to estimate the scale of new physics that does not require fine tuning, for models with more parameters the method leads to significantly weaker constraints on the scale of new physics and the possible little hierarchy grows with the complexity of the model.
In the following section we describe in detail the methodology we use on a simple model with only the universal gaugino mass and the µ-term. In Sec. III we find the maximal little hierarchy obtainable by requiring that model parameters are not specified beyond one digit in several constrained versions of the MSSM. We discuss the method further in Sec. IV and summarize results in Sec. V.
II. METHODOLOGY
We focus on scenarios with soft supersymmetry breaking terms and the supersymmetric Higgs mass, µ, specified at the GUT scale. All the parameters of a given model are, for simplicity, assumed to be either of order M SU SY or zero at this scale. In order to be specific, we allow parameters to vary by 50% in both directions, in the interval [0. We evolve all the parameters to the mt scale, where m
)/2, using two loop RG equations [16] and obtain the electroweak scale, represented by the Z boson mass, as a result of electroweak symmetry breaking (EWSB),
where
are soft supersymmetry breaking masses squared of the two Higgs doublets and tan β is the ratio of vacuum expectation values of the two Higgs doublets. We plot t . Since we are interested in the obtained hierarchy in a top-down approach starting with fixed M SU SY , the plotted M 2 Z does not necessarily represent the correct mass of the Z boson but rather the right hand side of Eq. (1). We also plot the points when this quantity is negative and the EWSB does not occur. Alternatively, but only for points where EWSB occurs, one could appropriately rescale M SU SY so that M Z is the correct mass of the Z boson and get an indication for M SU SY required. We will follow the former approach that is more suitable for a top-down approach and also gives a perception of the size of the parameter space where EWSB does not occur.
It is instructive to discuss further steps on a specific example. Let us consider a simple (although not phenomenologically viable) model with two non-zero mass parameters at the GUT scale, the µ-term and the universal gaugino mass M 1/2 . If the m 0 was fixed instead to a small value, sufficient to make the model phenomenologically viable, the results would be almost the same. The hierarchy obtained in our procedure is plotted with highlighted lines in Fig. 1 for M SU SY = 3 TeV and tan β = 10. possible outcome that does not require any special choices of central values or the intervals.
Neglecting outcomes smaller than the largest gap size also means that none of the model parameters needs to be specified with better than 10% precision. Repeating the same procedure for arbitrarily shifted (within 10%) model parameters would lead to the same result for the largest gap. Since 10% steps can be specified by 1 digit, the independence of the result to an arbitrary shift within 10% means that it does not matter what the remaining digits in all model parameters are. This intuitive connection is the main reason for choosing 10% as the step size but, as mentioned before, any step size can be chosen and the obtained gap size is characteristic for a given step size. Clearly, a smaller step size (larger tuning) would lead to a smaller gap size (larger possible hierarchy between the EW scale and superpartners).
Once we know what is the smallest outcome guaranteed to occur in the distribution there is no logical argument that can be made to disfavor this outcome compared to any other specific outcome. Thus, it represents the smallest completely ordinary outcome that size of the largest gap.
corresponds to selecting model parameters in given steps (or specifying them with given precision). We will continue this discussion in Sec. IV.
Going back to our example, from the inset in Fig. 1 we can see that the gaps between the outcomes are at most 0.13 from which we conclude that the smallest M Z among minimally we would find the maximal gap size to be ∼ 0.11 away from edges of the distribution and thus we find M Z > 0.3mt. 4 Smaller outcomes, or larger hierarchy, can be obtained if we specify the way parameters are varied with more digits.
The gaps fill and arbitrarily large hierarchy can be achieved when fine tuning of parameters is allowed as indicated by the shaded area in Fig. 1 .
These findings are in agreement with other methods to estimate the maximal hierarchy one obtains without tuning parameters. Not allowing more than 10% tuning with the usual naturalness measures, based on sensitivity to individual parameters, requires superpartners not heavier than about 300 GeV in this model. The reason for the agreement is that, for a model with two parameters, less than 10% tuning is essentially the same requirement as not specifying the input parameters with more than 1 digit. Two order one numbers do not cancel to a smaller number than 0.1 unless they are tuned to each other at more than 10% level. Similarly, two order one numbers do not cancel to a smaller number than 0.1 regardless of what is the second digit specifying each parameter. However, this equivalency does not hold in models with more parameters as we will see in the following section.
Our method of estimating the range of outcomes for a given observable that does not require carefully adjusted model parameters is fairly independent of many assumptions and details of the analysis. As already mentioned, results depend very little on the choice of tan β and vary slowly with M SU SY . Note however, that fixing tan β corresponds to choosing the b-term. We could simply assume that the b-term is in the range favoring EWSB and, since the results depend very little on tan β, it does not have to be specified carefully.
Furthermore, even if the b-term was treated as a free parameter and varied over the same region and specified with one digit as other parameters the results would be comparable.
The difficulty with this approach is that there are points for which the right hand side of Eq. (1) is not a real number and so these outcomes cannot be visualized easily. In addition, each point would have a different top Yukawa coupling which is obscuring the meaning of the results somewhat (moreover, for points with no EWSB, there is no unique way to fix the top Yukawa coupling). Nevertheless, the procedure can be repeated for points where EWSB occurs and we found that the gap size shrinks by a factor of ∼ 2 compared to results with fixed tan β. Thus, the results with fixed tan β can be viewed as conservative. As such, considering also the simplicity of the analysis and visualization of the results, we will follow the approach with fixed tan β.
Other details of the analysis also play a minor role. For example, stopping the RG evolution at a common scale, rather than mt scale specific for each point, does not make a significant difference. The results do not even depend on precise values of gauge and top yukawa couplings. Although we perform a precise analysis, the results would be very similar following a highly simplified procedure, even when specifying all couplings with one digit.
The largest impact on the gap size comes from the interval over which the parameters are allowed to vary. Our choice of the interval, [0.5, 1.5]M SU SY , is not motivated by anything besides simplicity. It assumes that there is only one scale in the problem, M SU SY , and the range is of the same order as the scale so that the results are robust to O(1) changes in input parameters. It allows a hierarchy of 3 between the smallest and the largest parameter of the model. If parameters were allowed to vary over significantly larger ranges the results would be affected. However, in such a case, it would make more sense to study separately two or more scale models with different hierarchies between parameters. We will not consider models with large hierarchies between non-zero parameters here.
III. RESULTS
In this section we present detailed results for the little hierarchy that is obtainable from minimally specified parameters in the constrained minimal supersymmetric model (CMSSM). We also briefly explore models with more free parameters, namely the models with non-universal Higgs masses or non-universal gaugino masses. can be easily adjusted by shifting one of the parameters. For example, increasing the µ-term shifts the peak and the whole distribution to smaller values and somewhat larger hierarchy can be generated.
Before we include A-terms, it is worthwhile to note the difference between the model we just discussed and the model with m 0 set to zero discussed in the previous section. The distribution in Fig. 2 (left) already resembles the shaded distribution in Fig. 1 Besides the hierarchy, it is also of interest to see where different CMSSM scenarios stand with respect to the Higgs boson mass. For this, the two most important parameters are the stop mass and the mixing in the stop sector given by X t = A t − µ/ tan β. In Fig. 4 (left) , we plot the generated points for the three CMSSM scenarios with negative A 0 , corresponding to the right distribution in Fig. 3 , with A 0 = 0, corresponding to the distribution in Fig. 2, and with positive A 0 in the mt − X t /mt plane. As a guide, we overlay the contours of constant Higgs boson mass in ±3 GeV range from the measured value (indicating theoretical uncertainty) for all remaining parameters including the µ-term set to 3 TeV at the scale of mt (except for gaugino masses which are assumed to satisfy the GUT scale universality condition that would lead to Mg = 3 TeV). The Higgs boson mass is calculated with FeynHiggs2.13.0-beta [17] . Similar results are obtained by the effective potential method [18] .
It should be noted that, since we did not require that the correct EW scale is achieved as a result of the EWSB, the Higgs contours are just an indication of the Higgs boson mass for a given point if the µ parameter was adjusted to get the correct electroweak scale. We saw in Alternatively, for each point we can adjust the µ-term to get the correct EWSB and calculate the Higgs boson mass with all the inputs that correspond to the given point. In with all the model parameters specified with one digit.
IV. DISCUSSION: ORDINARY VS. LIKELY
In previous sections, we have identified the smallest outcome in a given model that is guaranteed to occur in the distribution with model parameters selected in 10% steps around comparable central values. In Sec. II we argued that such an outcome is a completely ordinary outcome that cannot be disfavored by any logical argument compared to any other outcome resulting from selecting model parameters in given steps. Since this is somewhat counterintuitive and it seemingly contradicts common probabilistic arguments related to fine tuning, let us discuss it further.
The probabilistic argument related to a small outcome being unnatural is related to the fact that there are more large numbers compared to small numbers. For example, let us suppose that one integer between 1 and 1000 is randomly selected. 5 The analogy with common naturalness arguments for EW symmetry breaking is saying that an outcome smaller than 100 has only a 10% probability, an outcome smaller than 10 has a probability of just 1% and the number 1 has a probability 0.1% of being selected. Therefore, if one adopts a 10% "naturalness" criterion, the outcome should be somewhere between 100 and 1000 (or 90% of randomly selected outcomes will be in this range). Although this probabilistic statement is correct, it actually has no value in predicting the outcome. Clearly, nobody
should be surprised if any number between 1 and 1000 is picked, even if it is number 1.
The small probability of number 1 being picked does not matter since it is the same as 5 Normalizing the largest entry to 1, this is the same as selecting one number from: 0.001, 0.002, ..., 1.00. the probability of any other outcome. 6 If only one number is selected, there is no logical argument one can make to disfavor number 1 compared to any other number.
The seemingly contradicting connection between the probability of a given outcome and the level of tuning of model parameters required is there only for models with two parameters. 7 As we saw, with more parameters contributing to a given observable, a small outcome does not necessarily require careful choices of model parameters. For example, in the CMSSM with 4 parameters selected in 10% steps an outcome for M With more parameters contributing, the probability of any specific outcome is decreasing.
The small probability is not a sign of fine tuning required but rather an indication that a model with more parameters is less predictive.
V. CONCLUSIONS
In this paper, we have adopted an approach to study the possible hierarchy between the electroweak scale and the scale of superpartners,
, that can be obtained without specifying model parameters by more than one digit (or with better than 10% precision). The smallest such outcome is estimated from the largest gap in the distribution obtained from selecting model parameters in 10% steps around a common scale. Since an outcome at least as small as the largest gap size is guaranteed to occur in any distribution 6 Comparing the probability of a small specific outcome with the probability of an outcome in some large range, as is commonly done, is misleading. Moreover such an argument can be reversed and could be used to claim that the largest numbers are not natural, e.g. anything larger than 900 has only 10% chance. Or it could be used to disfavor outcomes right in the middle or anywhere else. 7 In a model with only two parameters contributing to a given observable the probabilistic argument indeed gives the correct level of fine tuning required. For example, in order for two O(1) contributions to a given observable to produce an outcome of order 0.001, we must tune one of the parameters at 0.1% level. In a random probabilistic scan such an outcome would appear with 0.1% probability. If we insisted on not tuning model parameters by more than 10% the smallest expected outcome would be of order 0.1 and would appear with 10% probability in a random scan. However, there is no contradiction with the previous paragraph. In our approach, the smallest outcome guaranteed to appear in any distribution from two parameters selected in 10% steps would also be of order 0.1.
with the model parameters selected in 10% steps around randomly shifted central values, with the same probability as any other individual outcome, it is completely ordinary.
We have found that the maximal hierarchy between the electroweak scale and stop masses, given that model parameters are not specified beyond one digit, ranges from a factor of In Sec. IV, we argued that the probabilistic arguments typically employed to estimate the hierarchy indicate the required level of tuning only for models with two parameters. The 10% interval of the smallest outcomes based on probabilistic arguments (or 10% tuning requirement based on sensitivity measures) is equivalent to specifying model parameters with 10% precision in models with just two parameters. However, we saw that in models with more than two parameters, a smaller outcome that would normally be disfavored by probabilistic arguments or sensitivity measures can be obtained with the same level of precision in model parameters and the possible little hierarchy grows with the complexity of the model. shifts in the parameters, it is completely ordinary and cannot be disfavored compared to any other individual outcome. A small probability of the smallest completely ordinary outcome is not problematic since any other outcome obtained from given selection method has the same probability.
The little hierarchy suggested by the Higgs boson mass (besides direct experimental limits) might not be a sign of a large fine tuning required among the model parameters but
